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Bai bao trinh bay m¢t phwong phap nhan dién ham mat d xac suit trong dap &ng phi tuyén cia két ciu
chlu tai trong dong dit véi tham sé dau vao ngiu nhién. O phu’o'ng phap nay, cac dap u’ng dong luc hoc
ngiu nhién dwoc biéu dién théng qua phuwong trinh vi phan chuyén dong va 1a ham sb ciia cac tham sé
ngiu nhién. Phuong trinh tién h6a ham mat d9 xAc suit clia cac dap Gmg nay sé dugc hinh thanh dwa vao
nguyén 1y bao toan xac suit. Giai phwong trinh vi phén sé cho phép chiing ta xac dinh dwgc ham mat dé
X4c sudt ciia cic dap ung theo thoi gian. Sw chinh xac va hiéu qua ciia phwong phap dwgc chirng minh
thong qua 2 vi du s6, bao gom hé mot bac tu do va khung thep phi tuyén. Khi quan sat sy tién héa ciia ham
mit d xac suit, ching ta nhin thy rang, quy luit phan phdi ciia né phirc tap va khong tuin theo bit ky

mot quy luit thong thuong nao di biét truéc day.

Tir khéa: dong dit, dong lwc hoc ngdu nhién, ham mat d¢ xdc sudt, phi tuyén, sw tién héa.

Chi 6 phdn logi: 2.1

Identification of probability density function for the
nonlinear response of structures with uncertain input

Summary

A method for the identification of the probability
density function of nonlinear structures subjected to
the earthquake with random input is presented in this
paper. In the method, the dynamic response of stochastic
nonlinear structures is firstly expressed in a formal
solution which is a function of random parameters. The
probability density evolution equation (PDEE) is then
derived according to the principle of preservation of
probability. The solution of this equation can put out
the instantaneous probability density function. The
accuracy and efficiency of the method are demonstrated
by numerical examples, including a SDOF system and
a steel frame. The evolution of probability density
functions of the stochastic responses is observed, and
it is shown that their distribution law is much irregular
and far from well-known distribution types.
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Gioi thiéu

Ket ciu cong trinh x4y dung (nha xudng,
cdu cong, cang bién...), trong qua trinh sir
dung binh thuong, s€ chiu tac dong ctia cac tai
trong dong ngau nhién nhu tii trong gio, tai
trong séng hay tai trong dong dat... Hién nay,
mdi quan tdm 16n ciia cac nghién ciru 13 1am
sao nhan thuc rd vé tinh trang chiu lyc thuc té
(dap ng) cua két cdu va tién luong duoc nguy
co rui ro cua chung trong diéu kién chiu tac
ddng cua thién tai (gi6 bio, dong dat...) [1, 2].

Do dic diém cua cac tai trong nay 1a ngiu
nhién theo thoi gian, nén cac bai toan dao
dong dugc mo hinh héa dya trén 1y thuyét
x4c suit va qua trinh ngdu nhién thong qua
viéc thiét 1ap va giai cic phuong trinh vi
phan ngiu nhién phi tuyén. Do kich dong 1a
cic lyc ngiu nhién nén cac dap tmg nhu dich
chuyén, van toc ciing co tinh chat ngiu nhién.
Boi vay, trong phan tich dao dong ngiu nhién,
két qua cua cac dap tmg duoc biéu dién dudi
dang trung binh theo nghia xac suat. Hién c6 3
phuong phap chinh dé giai quyét van dé nay.
Thir nhét 13 phuong phap mo phéng Monte
Carlo [3, 4]. Phwong phap nay bén vimng va
manh m& & khia canh phan tich két ciu nhung



Khoa hoc Ky thuat va Céng nghé

doi hoi thoi gian tinh toan rat dai. Phuorng phap thtr 2
la phuong phap phan tu hitu han ngau nhlen [5]. Mac
du nhu’ng van dé vé phan tich tinh va 6n dinh két cau
c6 thé dugc giai quyét hiéu qua véi phuong phap nay,
nhung rat han ché trong viéc phan tich dap tng dong
lyc ngau nhién cua két ciu. Phuong phap thir 3 1a khai
trién chudi tryc giao [6, 7] hién dang dugc ap dung
nhiéu tuy nhién trong truong hop ting s lugng bién
ngau nhién (BNN) thi ch1 phi tinh toan tré nén qua lon
dé dat duoc sy xap xi can thiét trong khong gian ngau
nhién. Bén canh d6, & cac phuong phap trén chi c6 thé
tim thy gi4 tri trung binh (mean) va d6 1éch chuan
(standard deviation) cac dap (mg ctia két cAu, con ham
mat do xac suit (probability density function - PDF)
clia cac dap ng thi rét it truong hop tim duogc nghlem
chinh x4c, ma diéu nay lai rit quan trong dé hiéu mot
cach toan dién cac thong tin xac suat cia dap tng két
cau.

Nhirng nim gan day, mot ho cac phwong phap
tién héa ham mat d6 xac suit (Probability Density
Evolution Metod - PDEM) d4 duoc dé xuat boi cac tac
gia Li va Chen [8-10]. O phuong phap PDEM, phuong
trinh tién hoa theo thoi gian cua mat do xac suat duoc
hinh thanh dwa trén nguyén Iy bao toan xac suat. Tir
do, su tién hoa ciia ham mat do xac suit s& duge xac
dinh chinh xac trén toan mién thoi gian. Tuy nhién,
phuong phap nay hau nhu chwa dugce ap dung trong
cac nghién ciru ¢ nudc ta hién nay trong viéc phan tich
dap tmg dong luc hoc ngiu nhién cua két cau. Chinh
vi vay, trong bai bao ndy, tic gia trinh bay két qua ap
dung phuong phap PDEM vao viéc nhan dién cac ham
mat d6 xac suat dap tmg ctia két cdu khung thép phi
tuyén chiu tai trong dong dat voi tham sb dau vao (tai
trong, vat liéu lam két cdu...) ngiu nhién, giup dua ra
cai nhin chinh xac hon vé tinh trang chiu lyc thyc té
(dap tmg) cua két cau va tién luong dugc nguy co rii
ro cuia chung trong diéu kién chiu tac dong cia thién
tai (gi6 bao, dong dat...).

Noi dung cia phuvong phap PDEM

Phwong trinh vi phin chuyén dpng va ham mat dé
xdc sudt cua dap wng

Xét hé két cau sau khi roi rac hoa bang phuong
phap phan tir hiru han ¢ n bac tur do. Phuong trinh vi
phan chuyén dong ctia hé két cau chiu tac dong cta
kich dong ngau nhién duoc biéu dién nhu sau:

M(Z)X(t)+C(2)X(t)+K(Z)X(t) =f(Z.1) (D
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V6i diéu kién ban dau: X(t)| =X, va X(t)|

Trong do6, X(7), X(t) X(#) lan luot la cac vécto co leh
thudc n X 1 thé hién céc dap g chuyen vi, van tdc,
gia tde theo thoi gian (¢); M, C, K 1a cac ma tran co
kich thuéc n X n ctia khdi lwong, can nhét, do CI'Ing, f
la véc ton X 1 cua tai trong kich dong. Vecto z gomn_

tham sb ngau nhién dic trung cho tinh ngau nhién cua
tai trong (dong dat, gio...) hay ton tai trong cac dic
tinh cta két cdu (kich thudec, vat ligu...).

Trong trudng hop luc kich dong ngau nhién 1a gia
toc nén cua dong dat, cong thirc (1) s€ tro thanh:

M(2)X(t) +C(Z)X (1) +K(Z)X(t) = -Mia(Z,t) (2)

Véi i 1a vécto don vi, thay thé cho chuyén vi don vi
tai mong so véi hudng tac dung cua gia toc nén; a(Z, t)
la gia toc nén.

Duya vao cong thirc (1) hodc (2) chung ta thiy rang,
chuyén vi X(¢) 1a mot qua trinh ngau nhién phu thudc
vao z va dugc xac dinh nhu sau:

X(1) =-H(Z,1) 3)

O day, H la mot toan tir xac dinh, [uon tdn tai va duy
nhat. O cong thirc (3) néu chi xét mot thanh phan X(7)
nao do cua vécto X(¢) = {X,(1),...,X (1)}, tas€ co:

X(t)=-H(Z,1) 4)

Theo nghién ctru cua cac tac gia Li va Chen [8-10],
ham mat do xac suat hop P xz (x, z, ¢) cia cac BNN X
va Z langhiém cia phuong trinh vi phén sau:

+x(z,t)—apXZéi’ ) =0

0Py, (x,z,t)

5
Py ©)

O day, X (z.7) chinh 12 van tdc cua dép tmg X(?) tmg
voi mdi lan thuc hién cua Z.

Diéu kién ban dau cta phuong trinh (5) dugc cho
boi:
Piz(%2,0)|, =6(x=x) P, (2) (©)

Trong do, x, 1a gia tri ban déu tat dinh cua X(t) va
d () 1a ham Dirac.

Nhu véy, giai phuong trinh (5) két hop véi diéu
kién ban dau (6) ta sé xac dinh dwoc ham mat do xac
suat hop Py, (x,z,t ) va dé dang tim dugc phan bd
xac sudt ctia dap tng theo thoi gian boi tich phan sau:

Px (XJ):d“ pXZ(X’ZJ)dz (7)
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Vi Q z 1a mién tich phan ctia cic BNN Z.

Dé giai phuong trinh (5) tim x4c suat hop Pxz (x,z,1),
cac tac gia Liva Chen [8-10] da dé xuat thudt toan gom
4 budc dugc mo ta cy thé dudi day.

Thudt toan thuc hién PDEM

Thuat toan dé thuc hién phuong phap PDEM la su
két hop cua (1) phuong phap sé dé tim dap ung (van
tc) cua két cau theo thoi gian va (if) phuong phap sai
phan hitu han dé giai phuwong trinh vi phan, gdm nhiing
budc nhu sau:

Buge 1: véi mdéi BNN z cia vécto BNN
Z= {zI. o Zprer Ty b chiing ta chon mot s6 diém dai dién
trén mién phan bo cua no.

Bude 2: voi mdi diem dai dién ciia BNN z,, tién
hanh phéan tich dong lyc hoc két cau dé tim van toc
X (Zq,t) bang phuong phép s6 hodc bang cac phan mém

phan tir hitu han.
Buoce 3: giai phuong trinh vi phan (5) cho truong
hop Z = z, bang phwong phép sai phan hitu han.

Buée 4: tién hanh tich phan sb theo cong thirc (7)
dé xac dinh Px (x,1).

Céc budc nay dugc trinh bay bang so d6 thuat toan

nhu hinh 1.

Roi rac hoa phan bé xac suét cua cac BNN
z, thanh céc diém dai di¢gn ¢ =1,....N

q=1

f

Xéc dinh 5(z,.¢) tir phuong trinh chuyén

dong (1) hodc (2) bing phuong phap sb

Tinh toan p,, (x,z,.) tir phuong trinh (5)

bing phuong phap sai phan hitu han

Xac dinh p, (x,1) bing cach tich phan trén

i

Q, tir phuong trinh (7)

Uy

Hinh 1: thudt toan cua phwong phap PDEM
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Vi du ap dung

Trong phan nay, chiing toi trinh bay 2 vi du vé viéc
ap dung phuong phap PDEM d nhan dién ham mat d¢
xéc suat. O vi dy tht nhét, mot dao d6ng phi tuyén chiu
kich dong diéu hoa véi tan sb ngau nhién s€ duoc thyuc
hién véi muc dich xac nhan tinh ding din cua phuong
phap PDEM ciing nhu viéc trién khai thudt toan trong
phén mém Matlab, cac thong s6 cua vi du nay dugc s
dung twr tai li¢u [8]. Trong vi du thtt 2, ham mat d¢ xac
sudt ciia chuyén vi mot khung thép phi tuyén chiu tai
trong dong dit ngdu nhién két hop v6i tham sb khong
chic chin cua vat liéu s& duoc khao sat.

H¢ dao déng mot bic tw do véi tin sé ngdu nhién

Xét dao dong cia hé¢ mdt bac tu do khdng c6 can
nhét nhu sau:

X()+0*X()=0 (8)
V6i  didu  kién ban  dauX(f)|,_, = X,va

X(t)|t:0 = XO'

bap tng cta hé s¢ la:

X(t)=X,cos(0Or) 9)

Vi © 1a BNN va gia thiét phan bd déu trong khoan
[0,, 0,]. Nhu vay, ta co ham mat dg xac suat ciia © nhu
sau:

,néud <6<6,

1
Jo(0)=16,-6 (10)

0, hoac nguoc lai

Néu ta dat y = ©¢ thi PDF ciia BNN v s& duoc xac
dinh b1 anh xa:

f\P(W)ziﬂa (%)

Nhu vay, ham mat do xac suét cua dap ung két cau
theo thoi gian nhu sau:

1, [2k7r+2ﬁ—cosl [x},z]+
Xo

fo [2k7r +cos”! [x]’ t]
Xy

0, hodc nguoc lai

)

fe(x,0)= xg -’ ;

, néu ‘x‘ S‘xo‘ (12)

o

Bén canh do, cac dac trung xac suét nhu ky vong,
phuong sai (d9 1éch chuan) cuia hé cling dugc xac dinh.
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- Ky vong u(X):
11, (1) = E(X) :I:Zxocos(ﬁt) £, (6)do

=ﬁ[sin(6’zt)—sin(01t)] (13)
2~ Y

- Phuong sai o°(X):

oy (1) = E(X —E(X))’

_ % |[(B-0) , sin(20,1) ~sin(26,1)
(0,-6))t 2 4

—[M[sin(@zt)—sin(ﬂt)]} (14)

Mat khac, ap dung phuong phap PDEM da mo ta
& trén, chung ta c6 thé xac dinh dwoc mat do xac sut
cuia chuyén vi theo thoi gian va duoc biéu dién ¢ cac
hinh 2 va 3.

Ham mat dé xac sudt
=1
¢

a1

1

Thixi gian {s) Chasyén vj {m)

08 02

Hinh 2: mat do xac sudt theo thoi gian

= PDF t3i t =09 (s)

18 - = =PDF t3it=1,0 (s){

‘== PDFtait=1.1(s)
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f

Ham mat d8 xac sudt
=

o
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6 = ¥
|
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1
2 1
]
I .
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Chuyén vj (m)
Hinh 3: mét d6 xdc sudt tai cic thoi diém
Hinh 4 va 5 m6 ta két qua so sanh cac ham mat do
X4c sudt, gia tri trung binh va do léch chuan twong tng
ctia 3 phuong phéap: 1y thuyét (giai tich), mé phong
Monte Carlo va PDEM. D& dang nhan thay rang, két
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qua cua phuong phap PDEM la chinh xac va trung
khép voi phuong phap 1y thuyét (xac dinh tir cac cong
thire (12), (13) va (14)) va mo phong Monte Carlo.

20
Phiremg b by thusét
18 — = = Phuongphippoe  H
16
14 J

Ham mat dd xac sult
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Chuyénvi {m)

Hinh 4: so sénh két qua Iy thuyét va phwong phép PDEM tai thoi diém t = 1 s

0,15
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) b) Gid tri dp léch chudn )
Hinh 5: két qua chuyén vi trung binh va dé léch chuan tuwong iing

Khung thép phi tuyén chiu tic dong ciia dpng dit
Tdi trong déng dat:

Tai trong dong dat trong vi du nay dugc st dung
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tir ngudn dir liéu dong dat da duoc phét trién cho du
an FEMA SAC (SEAOC-ATC-CUREge) [11] va da
dugc str dung trong nghién ctru ctia Yi va cong su [12].
Nhirng gia tc lich sir thoi gian nay da dugc ghi lai tir
cac tran dong dat thuc té & Los Angeles (Hoa Ky) va tir
mo phong vat 1y, voi mot s6 diéu chinh tuyén tinh. By
gia toc nén gom co 60 gia toc chia thanh 3 nhom (mdi
nhém bao gdm 20 ban ghi gia toc) voi xac suat lap lai
50 nam tuong Ung la 50%, 10% va 2%. Trong vi du
nay chi sir dung 20 gia toc dugc liét ké trong bang 1.

Bang 1: théng tin cac trdn dong dat

STT Trén dong dét m:)g‘:’n'i‘:’u“ de (frg/‘:z)
1 Imperial Valley, 1940, El Centro 6,9 452,03
2 Imperial Valley, 1940, EI Centro 6,9 662,88
3 Imperial Valley, 1979, Array #05 6,5 386,04
4 Imperial Valley, 1979, Array #05 6,5 478,65
5 Imperial Valley, 1979, Array #06 6,5 295,69
6 Imperial Valley, 1979, Array #06 6,5 230,08
7 Landers, 1992, Barstow 73 412,98
8 Landers, 1992, Barstow 73 417,49
9 Landers, 1992, Yermo 7,3 509,70
10 Landers, 1992, Yermo 73 353,35
11 Loma Prieta, 1989, Gilroy 7,0 652,49
12 Loma Prieta, 1989, Gilroy 7,0 950,93
13 Northridge, 1994, Newhall 6,7 664,93
14 Northridge, 1994, Newhall 6,7 644,49
15 Northridge, 1994, Rinaldi RS 6,7 523,30
16 Northridge, 1994, Rinaldi RS 6,7 568,58
17 Northridge, 1994, Sylmar 6,7 558,43
18 Northridge, 1994, Sylmar 6,7 801,44
19 North Palm Springs, 1986 6,0 999,43
20 North Palm Springs, 1986 6,0 967,61

D¢ tang tinh ngau nhién cua tai trong dong dat, gia
thiét gia toc dinh (Peak of Ground Acceleration - PGA)
cuia bo 20 gia tdc nay tuan theo quy luat phan phdi xac
suat log-normal.

M6 hinh két cdu:

Két cdu khung phing bang thép gém c6 3 ting va 3
nhip, véi kich thudc nhu sau: chiéu cao tﬁng H=3m,
nhip L = 5 m. Vat liéu thép c6 tinh chét phi tuyén tinh
theo mo hinh Giuffre-Menegotto-Pinto [13]. Minh hoa
két cAu duoc thé hién trong hinh 6.
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Hinh 7: minh hoa gia téc nén va chuyén vi cdc tang ciia két cdu

Gia tri tiép tuyén mo dun dan hoi ban dau (initial
elastic tangent) cua thép E, = 205.000 MPa, cuong
do dan hoi F =235 Mpa vaty 1¢ tang bén bién’dar}g
(strain hardening ratio) 1a 0,01. Bap tng cua két cau
dugc xac dinh tir mo phong sé bang phan mém phan
tr hitu han OpenSees [13] va dugc minh hoa ¢ hinh 7.
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BNN va luya chon cac diém roi rac:

Nhu da gidi thiéu ¢ trén, chung ta st dung 20 gia
toc nén, néu goi S 1a sy kién xuat hién mot gia toc nén
trong tap hop 20 gia toc nén ¢ trén thi S la m6t BNN

phan bb déu va c6 ham mat do xéac suatps(S)—*— 0,05;

20

két hop vdi quy luat phan phdi xac sudt cua gia toc
dinh (ky hiéu 1a 4) duogc gia thiét tuan theo quy luat
log-normal v6i gia tri trung binh (mean) u = 2,4 m/s’
va do 1éch chuan (standard deviation) o = 0,4 m/s%.
Mit khac, tham s6 m6 dun dan hoi £, cling dugc xem
xét nhu 1a mot BNN dau vao khi ké dén tinh ngau
nhién cta vat ligu lam két cau va E, dugce gid thiét tuan
theo quy luat phan bd chudn véi gid tri trung binh P
205.000 Mpa va d9 léch chuan o, =20.500 Mpa. Nhur

vy, vécto BNN s& bao gdm 3 BNN Z ={5, 4,E,}.

Trong phuong phadp PDEM, cac BNN nay phai
dugc rdi rac hoéa thanh cac diém dai dién véi cac mat
d6 xac suat tuong ung, theo kinh nghiém ciia Li va
Chen [8, 10] trong treong hop co 3 BNN thi tich sb
clia cac diém dai dién ciia 3 BNN nay can phai c6 it
nhat tir 250-600. Trong vi du nay, V01 20 diém cua
BNN S chung ta dy kién roi rac hoa mdi BNN 4 va E,
thanh 7 dlem vay ta c6 20x7x7 = 980>600 nén thoa
mén yéu cau.

Két qua phan tich dong liec hoc:

O day, chung ta s& st dung phuong phap PDEM
va phuong phap moé phong Monte Carlo (Monte Carlo
Simulation - MCS) dé phan tich dap tng dong luc hoc
ctia khung thép phi tuyén chiu tai trong dong dat. Trong
d6, dbi voi phuong phap PDEM, sé& thuc hién 980 lan
phan tich dap tmg dong luc hoc cua két cdu tuong ting
v6i 980 diém mé ta & trén; con dbi véi Monte Carlo s&
thuc hién véi 1x10° 1an mé phong.

1,2
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Hinh 8: két qud chuyén vi twong d,

bap tng dong I hoc ngdu nhién cua két ciu duoc
xem xét 1a chuyén vi twong ddi giita tang 3 va tang
2 (ky hi¢u 1a 6,(z)). Hinh 8 thé hién két qua dat dugc
clia gid tri trung binh va d6 1éch chuédn cua chuyén vi
tuong dbi o ,(t) theo phuong phap PDEM va MCS cho
thay, két qua ctia phuong phap PDEM rat phu hop voi
phuong phap mé phong Monte Carlo. Piéu niy khang
dinh tinh chinh xac cua phuong phap PDEM.
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b) Mdt dg xdc sudt theo dwong dong mikc

Hinh 9: su tién héa mét dj xdc sudt ciia ,

a1
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Hinh 10: mat do xac sudt ctia 0, tai cdc thoi diém khac nhau

Bén canh do, c6 thé d& dang xac dinh mat do xac
suat ciia dap tng két cau trén toan mién thoi gian hodc
bét ky thoi diém nao trén mién do, két qua thé hién &
hinh 9 va 10. Nhu vay, tai mot thoi diém nhat dinh (¢
= 2;t=3,t=4...), phan bd rpat do xac suit gﬁa §3
rat phuc tap, khong tuan theo bat ky quy luat pho bién
ndo, né c6 rat nhiéu dinh (peak) & trén ham mat do xac
suat.

Két luan

Bai bao trinh bay két qua nghién ctru nhan dién
ham mat do xac suit dap ung két cAu chiu tai trong
dong dét vai cac tham sé dau vao ngiu nhién dya vao
phuong phap tién hoa ham mat do xac suat. Thuat toan
dé thuc hién phuong phap PDEM la sy két hop cua
phuong phép s6 va phuong phép sai phan hitu han. Sy
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chinh xac ctia phuong phap PDEM va chuong trinh
Matlab dugc xac nhan thong qua viéc xét mot dao dong
khong can nhét voi tan sd ngau nhién va két ciu khung
thép phi tuyén. Vi phuong phap PDEM c6 thé xéac
dinh duge ham mat do xac suit cac dap tng (chuyén Vi
dinh, chuyén vi tuong dbi...) trén toan mién thoi gian.
Khi d6, néu quan sat tai mot thoi diém nhét dinh, ham
mat d6 xac suat nay khong tuan theo mot quy luat phan
bd x4c suit nao da biét. Vi vy, didu nay c6 thé anh
hudng dén sai s6 trong cac bai toan phén tich do tin cay
néu chiing ta gia thiét ham mat d6 nay s& tuan theo mot
quy luat cho trude, vi du nhu normal, log-normal...
Pay ciing chinh 1a chu d& dugc tic gia quan tim trong
cac nghién ctru tiép theo.
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